The count rate at dark-matter direct-detection experiments should modulate annually due to the motion of the Earth around the Sun. We show that higher-frequency modulations, including daily modulation, are also present and in some cases are nearly as strong as the annual modulation. These higher-order modes are particularly relevant if (i) the dark matter is light, O(10) GeV, (ii) the scattering is inelastic, or (iii) velocity substructure is present; for these cases, the higher-frequency modes are potentially observable at current and tonscale detectors. We derive simple expressions for the harmonic modes as functions of the astrophysical and geophysical parameters describing the Earth's orbit, using an updated expression for the Earth's velocity that corrects a common error in the literature. For an isotropic halo velocity distribution, certain ratios of the modes are approximately constant as a function of nuclear recoil energy. Anisotropic distributions can also leave observable features in the harmonic spectrum. Consequently, the higher-order harmonic modes are a powerful tool for identifying a potential signal from interactions with the Galactic darkmatter halo.
Introduction
Perhaps the most concrete evidence for physics beyond the Standard Model is the observation that the Universe consists of approximately five times as much dark matter (DM) as baryonic matter [1, 2] . Little is known about the dark sector beyond its gravitational interactions. In particular, it is unknown how dark matter couples to ordinary matter non-gravitationally, or if it does so at all. Direct-detection experiments [3, 4] that seek to observe collisions of DM particles with nuclei in underground detectors [5] [6] [7] [8] [9] could potentially shed light on the properties of the DM and its interactions with ordinary matter.
The differential scattering rate of a DM particle of mass m χ scattering off a nucleus with momentum transfer q and an effective cross section σ(q 2 ) is dR dE nr = ρ χ 2m χ µ 2 σ(q 2 ) η(v min , t) , with η(v min , t) = Figure 1 : The annual variation of the differential rate is sensitive to the threshold speed v min and the distribution of DM velocities. The Standard Halo Model (SHM) distribution is taken to have v 0 = 220 km/s and v esc = 550 km/s, the dark disk (DD) is a pure Maxwellian distribution with v 0 = 70 km/s and v lag = 50 km/s, and the stream (Str) travels at a speed of 350 km/s towards the north Galactic pole. For the dark disk and stream, the densities are ρ D = ρ SHM and ρ Str = 0.1ρ SHM for definiteness, where ρ SHM = ρ χ is the density of the SHM component. To emphasize the differences in shape, we have shifted and scaled the differential rates so that they share the same maximum and minimum values.
high-velocity tail of the DM velocity distribution. Furthermore, the other curves in Fig. 1 show how the time dependence can vary in the presence of velocity substructure such as a DM stream (dashed red) or disk (dotted orange). Figure 1 thus shows that varying the assumptions about the DM velocity distribution can dramatically alter the time dependence of a signal. Non-sinusoidal modulation of the differential rate has been discussed in the context of the SHM plus DM streams [11] [12] [13] and anisotropic halos [14, 15] .
To capture the deviations from a pure sinusoid, the differential scattering rate may be expanded as a Fourier series dR dE nr = A 0 + and B n are higher-order Fourier components. This expansion is useful when looking for effects due to the Earth's orbit around the Sun. When studying the daily modulation, the following is instead useful
where ω d = 2π/day is the sidereal daily frequency (a sidereal day is approximately 23 hours and 56 minutes), t d 0 is a phase parameter, and λ 0 is the longitude of the experiment on the surface of the Earth. Note that this effect is different from what is observed by directional detectors [16] . There, the direction of the nuclear track modulates daily due to the reversal of the detector relative to the DM halo as the Earth completes a rotation about its axis. In contrast, (1.3) is the change in the overall scattering rate (integrated over all angles) due to the Earth's daily rotation.
The purpose of this work is to explore in detail the behavior and ramifications of the higher-order harmonic components in DM scattering, extending the first steps taken in this direction by [17, 18] . For the most common assumptions about the dark sector, |A 1 |/A 0 1, and the higher-order Fourier components are even further suppressed. However, we find that in many realistic scenarios -including, most notably, that of O(10) GeV DM -many current and next-generation experiments are sensitive to the higher-order modes.
Specifically, the leading modes beyond annual modulation are A 2 , B 1 , B 2 and the daily modulation, A d . These modes are related to unique features of the Earth's trajectory, including the speed and eccentricity of its orbit, the alignment of the ecliptic plane with respect to the Galactic plane, the rotational speed of the Earth, the obliquity of the Earth's axis, and the latitude and longitude of the experiment. Under some assumptions about the DM halo, the ratios of many of the harmonic modes -such as B 1 /A 1 , B 2 /A 1 , and A d /A 1 -are constant with nuclear recoil energy, and the constant values are fixed by astrophysical and geophysical parameters. Because the properties of the Earth's motion leave a unique fingerprint on the harmonic spectrum, higher-order modes are a consistency check for a potential DM signal.
Additionally, the higher-order Fourier modes probe astrophysical and particle-physics effects -e.g., particle-physics models sensitive to large threshold speeds. They can help determine the DM mass and constrain scenarios such as inelastic scattering. In addition, as alluded to in Fig. 1 , these modes are affected by the presence of Galactic velocity substructure, such as the dark disk and streams. As an example, a DM stream with a density of a few percent the density of the bulk Galactic halo has little effect on the unmodulated rate, a small effect on the annual modulation, and a profound effect on the higher-order harmonic modes. For this reason, experiments that observe an annual modulation can immediately start constraining a variety of astrophysical and particle-physics scenarios using the higher-order harmonic analysis.
The remainder of this paper proceeds as follows. Section 2 introduces basic scaling relations to build intuition on the higher-order harmonic modes that dominate for specific astrophysical and particle-physics scenarios. Sections 3 and 4 present the complete derivations for the Fourier modes and daily modulation, respectively. The implications of these results are presented in Sec. 5. We conclude in Sec. 6 . Appendix A describes the statistical procedure for determining the amount of exposure needed to see a particular harmonic mode.
A derivation of the Earth's velocity is given in Appendix B and corrects a commonly used, erroneous result in the literature [19] . Analytic results for various models of the DM velocity distribution are given in Appendix C.
Scaling Relations for Higher-Order Harmonics
This section begins to explore the higher-order terms in the Fourier expansion of the differential scattering rate given in (1.2). In particular, we want to build intuition for the exposure needed to observe a mode A n or B n relative to another mode, for particular properties of the DM. The exposure is the total integrated amount of detector mass times exposure time, and
we use E(A n ) and E(B n ) to denote the exposure required to detect a given mode for specific DM model and experimental parameters. In a background-free experiment, the amount of exposure needed to detect a mode with 95% confidence is
For a complete derivation, see Appendix A. The corresponding expression for B n is similar, with the obvious substitutions.
In many cases, the magnitude of the higher-order modes scales simply with the parameter Figure 2 : The exposure needed to observe the unmodulated rate A 0 relative to that needed to observe the annual modulation A 1 at XENON1T. This ratio is enhanced relative to that for DM heavier than 50 GeV in the SHM if the DM is (i) O(10) GeV, (ii) in a disk (DD) or stream (Str), or (iii) inelastic with a mass splitting of δ = 90 keV; cases (i) and (iii) are most significant. For the dark disk and stream, the densities are ρ D = ρ SHM and ρ Str = 0.1ρ SHM for definiteness.
v rot = 220 km/s, and v ,pec = (11, 12, 7) km/s [20, 21] .
1 For a velocity distribution that is smooth and isotropic, the modes follow the scaling relations
3)
as will be derived in Sec. 3. For a standard isotropic distribution whose reference frame coincides with that of the Galaxy, ≈ 0.032 and the higher-order modes are strongly suppressed.
Note that the scaling of the mode B 1 is a notable exception to (2.3). As will be shown later, B 1 /A 0 ∼ 2 due to the eccentricity of the Earth's orbit. In the case of the daily-
where V d ≈ 0.46 km/s is the rotational speed of the Earth at the equator. Coincidentally,
, so the ease of observing daily modulation is roughly similar to observing the modes A 2 , B 1 , and B 2 . Figure 2 shows the projection for E(A 0 )/E(A 1 ) at the XENON1T experiment 2 for 50,
1 In Galactic coordinates, thex axis points towards the center of the Galaxy, theŷ axis points in the direction of the local disk rotation, and theẑ axis is normal to the Galactic plane and points toward the north Galactic pole.
2 Throughout this paper, we consider ideal, background-free Xenon and Germanium detectors as canonical examples. The Xenon detector is roughly modeled after XENON1T [22] , with (E thresh , E max ) = (4, 50) keV nr . The Germanium detector is modeled after GEODM DUSEL [23] with (E thresh , E max ) = (5, 100) keV nr . The planned fiducial masses of XENON1T and GEODM DUSEL are around 1 ton and 1.5 tons, respectively. 100, and 500 GeV DM, assuming the SHM. Roughly 10 4 times more exposure is needed to observe the annual modulation over the constant rate for these three cases. However, the annual modulation can be easier to see for DM that is: (i) O(10) GeV, (ii) in a dark disk (DD) or stream (Str), or (iii) inelastic with a mass splitting of δ = 90 keV. In some of these cases, only ∼ 10 times more exposure is needed to see the annual modulation over the unmodulated rate.
It is important to stress the significance of the enhancement of E(A 0 )/E(A 1 ) for the light DM and inelastic-scattering scenarios. Consider an illustration of a more generic scenario.
Suppose that after ∼ 10 days of running the LUX [24] experiment (∼ 300 kg Xenon) detects an unmodulated rate from a ∼ 50 GeV or heavier DM mass with a cross section σ 0 directly below the XENON100 limit [25, 26] . The scaling relation E(A 0 )/E(A 1 ) ∼ 4 then indicates that a ton-scale detector like XENON1T cannot detect annual modulation within a reasonable timeframe. In contrast, for light DM, E(A 0 )/E(A 1 ) ∼ 10 and can be observable, as we will discuss. Figure 3 illustrates the dependence of E(A 1 )/E(A n ) (left) and E(A 1 )/E(B n ) (right) as a function of the mode number n. The black line in both panels indicates the scaling relation
. This relation generally holds except for the modes
This scaling is clearly illustrated by the m χ = 50 GeV example assuming the pure SHM velocity distribution (black circle).
Halo substructure in the form of the dark disk (orange diamond) enhances the mode B 1 . The stream (red circle) has the most drastic effect on the higher-order harmonic modes, while the light DM scenario is similar (blue square).
We will come back to the following three benchmarks over the course of this paper: DM with large threshold speeds (light or inelastic), dark disks, and streams. These benchmarks highlight instances where the higher-order harmonics are particularly pronounced and relevant in current and near-future experiments. For example, consider the recent CDMS II Si [27] result, which finds three events in the signal region, with a background expectation of 0.7. This is consistent with a DM particle of mass 8.6 GeV and a cross section of 1.9 × 10 −41 cm 2 . If this light DM scenario is true, then GEODM DUSEL and XENON1T should see evidence for annual modulation and the second harmonic A 2 in the near future, as shown in
It is important to emphasize that these detectors are idealized and do not accurately take into account the limitations of the real experiments. For example, Xenon experiments make use of time projection chamber detectors, which have poor resolution at low energies. Thus, it is overly optimistic to assume that XENON1T has perfect resolution all the way down to the threshold, and properly taking into account the resolution at low energies will affect some of the near-threshold results in this paper. On the other hand, Germanium detectors typically have excellent resolution all the way down to the threshold. The exposure needed to observe A 1 relative to that needed to observe A n (left) and B n (right), as a function of the mode n. Generically, these ratios follow the scaling relations
2 for daily modulation at XENON1T assuming a standard isotropic distribution. Note that "Xe" denotes XENON1T and "Ge" denotes GEODM DUSEL. The dark disk (DD) and stream (Str) configurations are the same as in Fig. 2 . 
Harmonic Analysis
Having developed some intuition for the relative strengths of the different harmonic modes, let us now focus on deriving explicit analytic expressions for them. This requires knowing the velocity distribution in the lab frame, which is obtained by applying a Galilean boost to the distribution in the local DM rest framef (v). The velocities are shifted by 
is not important and may be dropped. The following section considers daily modulation, in which case V (φ 0 ,λ 0 ) (t) is the crucial contribution and cannot be neglected.
The time dependence in the DM velocity distribution is due to the Earth's orbital motion, which is subdominant to the Sun's velocity by O( ). As a result,f (v + v obs (t)) may be Taylor expanded in and substituted into the expression for the mean inverse speed in (1.1) to obtain the Fourier series
This expression is easily related to that for the differential rate in (1.2).
To begin, we need an explicit expression for V ⊕ (t) that allows us to expand the observed velocity v obs (t) in terms of . This is the subject of Sec. 3.1. Expansions for the mean inverse speed with distributions isotropic and anisotropic in the Galactic rest frame are derived in Sec. 3.2 and 3.3, respectively. 3 We neglect the motion of the Earth about the barycenter of the Earth-Moon system, which contributes around order 3 (similar to A 3 and B 3 ).
Velocities
For a generic choice of initial time t 0 , v obs (t) ≡ |v obs (t)| has the natural Fourier expansion
where by "natural" we mean that the v n and u n harmonic coefficients remain order one at increasing n. To solve for the expansion coefficients, we use an explicit expression for the Earth's velocity in terms of its orbital parameters, illustrated in Fig. 4 . The most relevant parameters for our immediate purpose are the eccentricity of the orbit, e ≈ 0.016722, the ecliptic longitude of the perihelion, λ p ≈ 102
• , and the unit vectorsˆ 1,2 that span the ecliptic plane. Appendix B reviews the derivation of the general expression for the Earth's velocity in terms of its orbital parameters.
To a good approximation, the velocity of the lab frame relative to the Galactic Center is
with the harmonic coefficients given bȳ
to leading order in (e), where
The modes sin ω(t − t 0 ) and sin 2ω(t − t 0 ) scale as × e. This is a consequence of choosing t 0 ≈ t 1 +73.4 days, which is the time that maximizes v obs (t) (see Appendix B for more details), where t 1 is the time of the vernal equinox. Because e/ ≈ 0.52, the mode sin ω(t − t 0 ) is order 2 instead of order , as would be the case for a more generic choice of t 0 .
The numerical values of the harmonic coefficients, which are used extensively throughout the rest of the paper, are:
The Earth (blue) orbits the Sun (yellow) counterclockwise along the solid-black ellipse. The perihelion of the orbit is denoted by the letter a, which is also the length of the semi-major axis. The Sun is located a distance f = a e from the center of the ellipse, where e is the eccentricity. The eccentric anomaly E is the angle between a fictitious point on the dashed-black circle of radius a, the center of the ellipse (circle), and the perihelion. The true anomaly ν is the angle between the perihelion, Sun, and Earth. At the vernal equinox, the vectorˆ 2 points from the Earth to the Sun. Note that the Earth has just passed the vernal equinox in this diagram. The ecliptic longitude of the perihelion λ p is the angle between the autumnal equinox, the Sun, and the perihelion. The projection of the Earth's rotational axis to the ecliptic plane (red arrow) points in the −ˆ 1 direction. The obliquity of the Earth's rotational axis ε ≈ 23
• .4 is the angle between the Earth's rotational axis andˆ 3 (ˆ 3 =ˆ 1 ×ˆ 2 ). The diagram is not to scale.
Higher-order corrections to these leading values are straightforward to work out numerically, and they cause changes of at most ∼ 10%. We note that Lewin and Smith [19] used an incorrect expression for V ⊕ (t) (see Appendix B for more details), and using their velocity leads to errors on the order of 100% for v 2 , u 1 , and u 2 . Said another way, their expression for V ⊕ (t) leads to an erroneous t 0 , which is off by around half a day.
Distributions isotropic in the Galactic rest frame
The Fourier coefficients A n and B n of the differential rate are directly proportional to the a n and b n coefficients (respectively) by the factor where µ p is the DM-proton reduced mass, A is the atomic number of the target nucleus, σ 0 is the spin-independent scattering cross section of the DM with protons and neutrons (assumed to be comparable), and ρ χ is taken to be 0.4 GeV/cm 3 [28] [29] [30] [31] [32] . F 2 (q) is the Helm nuclear form factor [5, 33] . Note that σ(
In practice, when the velocity distribution is isotropic and smooth over scales ∼ V ⊕ , the a n and b n coefficients will decrease as powers of at increasing n. A relatively straightforward calculation gives 9) to leading order in . Notice in particular that regardless of the form of the velocity distribution functionf , so long as it is isotropic in the Galactic rest frame and smooth,
The fractions above should be contrasted to the fraction A 2 (v min )/A 1 (v min ), which depends non-trivially on v min even at leading order in . Even so, the magnitude of this ratio is set by the number
Further, it is interesting to note that because The plots in Fig. 6 show the values of the recoil energy E nr that zero the various harmonic coefficients, for a given DM mass m χ . We consider elastic scattering off of Germanium (left panel) and Xenon (right panel). The colored regions indicate the spread from astrophysical uncertainties. For DM masses 20 GeV, the second zero of A 2 may be the only such zero that occurs at a value of E nr above the common threshold energies.
Distributions anisotropic in the Galactic rest frame
If the velocity distributionf (v) is anisotropic within the Galactic rest frame, the results in (3.9) no longer hold and there will be deviations from the constant ratios in (3.10). Thus, measuring the ratios B 1 /A 1 and B 2 /A 1 as functions of E nr is one way to probe the anisotropy of the velocity distribution.
Anisotropic velocity distributions may be grouped into two categories. The first consists of DM substructure with an isotropic velocity distribution in its own rest frame, which does not necessarily coincide with that of the Galaxy. Two examples are dark disks and DM streams. In this case, much of the machinery developed in Sec. 3.1 and 3.2 still holds, though the stream example is more subtle because the velocity distribution is not smooth over scales
The second category consists of velocity distributions that are not isotropic in any inertial rest frame. This scenario is not a straightforward generalization of the procedure presented in the previous two subsections, and a systematic study of the harmonic coefficients for these distributions is left for future work.
Let us consider the case of substructure with an isotropic distribution in its own reference frame. The results of Sec. 3.1 carry over in a relatively straightforward fashion, with the replacement v → v S , where v S is the velocity of the Sun's rest frame as measured in the substructure's rest frame. More specifically, the parameter is replaced by a new parameter
Perturbation theory in S is valid so long as v S is sufficiently larger than V ⊕ .
When all of the local DM is in substructure, then the mean inverse speed has the same expansion as (3.2), except that a n , b n → a . Indeed, these coefficients may be calculated perturbatively using equations (3.9) after making the appropriate substitutions. In particular, the time t S 0 at which the velocity of the DM in the lab frame is maximized can be quite different from that in distributions isotropic in the Galactic frame (t 0 ); a deviation from the expected t 0 could point to the presence of velocity substructure.
When only a fraction of the local DM is in substructure, then we model the local distribution as having an additional SHM-like contribution. In this case, it is natural to write the expansion of the mean inverse speed in terms of (t − t 0 ) instead of t − t S 0 , since (t − t 0 ) is the expected phase of the SHM-like contribution, which is isotropic in the Galactic frame.
Specifically, the following replacement is useful:
and similarly for the sin nω(t − t S 0 ) terms. Using standard trigonometric identities, we can absorb the time difference ∆t S into the harmonic coefficients. This gives a 0 = a S 0 and
S 1 is typically much greater than b S 1 , it is possible to ignore the latter contribution to a 1 and b 1 .
One of the most important consequences of halo substructure is its effect on the mode B 1 .
Remember that B 1 scales as 2 for an isotropic distribution. In the presence of substructure, its value can be enhanced. In this case, b 1 ≈ a S 1 sin ω∆t S (see (3.14)), which is order S as long as ∆t S is not sufficiently small. Moreover, if substructure dominates over the SHM-like contribution at a given v min , then 15) which, depending on the value of ∆t S , can be greater than the constant ratio (i.e., 1/59) expected for distributions isotropic in the Galactic frame. Therefore, an enhancement in the ratio of B 1 /A 1 may indicate the presence of anisotropy.
Daily Modulation
We now turn to the calculation of the daily modulation, which arises from the rotation of the Earth about its axis. Daily modulation is often discussed in the context of directional detectors that measure the recoil direction of a scattered nucleus, in addition to its energy [16] .
These experiments take advantage of the fact that the relative orientation of the detector with respect to the DM wind changes over the course of the day. Specifically, the modulation is observed in the differential recoil rate at a particular angle.
The daily modulation that we refer to here is a different effect. This modulation is the change in the differential rate (over all angles) due to the Earth's rotation; it has frequency ω d and is due to V (φ 0 ,λ 0 ) (t). When considering the daily modulation, one may to a first approximation neglect the Earth's orbital motion V ⊕ (t).
The daily-modulation mode depends on the location of the experiment on the surface of the Earth, given by its latitude φ 0 and its longitude λ 0 . The latitude is normalized such that φ 0 = 0 is the equator and φ 0 = π/2 is the north pole. Similarly, λ 0 takes values in the interval [0, 2π), and λ 0 = 0 is the longitude that is closest to the Sun at the vernal equinoxi.e., at this longitude on the equator, the zenith points directly towards the Sun. Increasing λ 0 moves one eastward around the Earth.
For distributions isotropic in the Galactic frame, the daily modulation is captured by the ω d frequency component of v obs (t). Using the expression for the velocity of a point on the Earth's surface relative to its center, V (φ 0 ,λ 0 ) (t), described in Appendix B.3, one finds that
where Over timescales of order a day, one may approximate the differential rate as in (1.3) . The mode A d is the daily-modulation mode, and a straightforward calculation shows that
Importantly, this ratio is approximately constant as a function of v min (or equivalently E nr ).
At GEODM DUSEL we then find
Moreover, there should be a 117
• phase shift in the mode between the two experiments due to their difference in longitude. For obvious reasons, an experiment at the south pole, such as DM-ICE [35] , would see no daily modulation.
Examples
We now return to the three benchmarks introduced in Sec. 2. This section will focus, in particular, on DM with a large threshold speed, dark disks, and streams. These examples illustrate cases where the annual and higher-frequency modes are enhanced relative to the typical scaling relation. In some of these cases, only ∼ 10 times more exposure is needed to observe annual modulation than the unmodulated rate, relative to the ∼ 10 4 times more exposure that might have been assumed for a more generic scenario. Similarly, in many enhanced scenarios, the higher-order modes are detectable soon after the detection of annual modulation. An enhanced harmonic spectrum could therefore indicate that the DM has a large threshold velocity and/or is in substructure.
Large Threshold Speed
Dark-matter models sensitive to large v min exhibit enhanced harmonic modes. The minimum speed for a nucleus to recoil with a given recoil energy is
where m n is the mass of the nucleus, and δ is the mass splitting between the initial and final DM states. For elastic scattering, δ = 0. For inelastic scattering, the lighter DM state upscatters to the more massive one after interacting with the nucleus.
As the DM mass m χ decreases, the minimum scattering velocity increases. This is because lower-mass DM needs to be traveling at a higher speed to give the same nuclear recoil energy as higher-mass DM. As a result, DM with mass O(10) GeV is more sensitive to the tail of the velocity distribution. Because the tail of the distribution is less populated, a larger exposure is required to observe the unmodulated rate for low-mass DM.
Even though light DM gives fewer events in total, it enhances the significance of the annual modulation and the higher-order harmonics, as shown in Fig. 7 . As one moves to lower DM masses (below ∼ 20 GeV), A 1 (A 2 ) is enhanced relative to A 0 (A 1 ). The same is true for a fixed-mass DM (50 GeV) with increasing mass splitting δ, because increasing the mass splitting increases v min as well.
The behavior of the modes B 1 , B 2 will be similar to that of A 1 , shown in Fig. 7 , for an isotropic distribution. The reason for this is that (3.10) implies
to a good approximation. is enhanced relative to A 1 for DM masses greater than ∼ 40 GeV. This is because heavier DM corresponds to lower v min and is therefore sensitive to the bulk of the velocity distribution, not just the high-velocity tail.
The Dark Disk
Because v S ≈ 50 km/s is the same magnitude as V ⊕ , one might worry that perturbation theory to leading order in S is not sufficiently accurate. To test the expansion, we compute ∆t S using the approximations in (B.10) and (B.12) and find ∆t S ≈ −25 days. A more accurate, numerical calculation using the exact expression for V ⊕ (t) gives ∆t S ≈ −20 days.
We conclude that the leading terms in S are sufficient to qualitatively capture the effects of the dark disk, with deviations from the true values expected to be around 25%.
Dark-Matter Streams
The higher-order harmonic coefficients may also be enhanced if the velocity distribution is not smooth, such as for DM streams. A DM stream forms from debris that is tidally stripped from an in-falling subhalo that has not yet had time to virialize [40, 41] . Streams are characterized by their negligible velocity dispersion, and their velocity distribution can be modeled as a delta function,f (v) = δ 3 (v), within the DM rest frame [9] . Even if the density of the stream is only a small fraction of the density of the smooth component of the halo, it can dramatically increase the magnitude of the higher-order harmonic coefficients in the differential rate. Figure 1 shows why this is the case; the scattering rate for DM in a stream can be "on" for part of the year and "off" for the rest. The Fourier decomposition of the differential rate then decays weakly with increasing harmonic number just as in the Fourier series of the box function. If the scaling A n /A 0 ∼ n and B n /A 0 ∼ n is not observed, and instead the harmonic coefficients appear to be significantly enhanced at increasing n, this would provide strong evidence for a stream.
To begin, we consider the scenario where a component of the DM is in a stream, modeled as a delta function, and another component is in the SHM. The ratio of the densities in either component is taken to be ρ Str = 0.1ρ SHM . The harmonic modes within the pure SHM are suppressed by factors of n , while in the combined SHM + stream model, they are suppressed by the ratio of the stream density to the SHM density, ρ Str /ρ SHM , for nuclear recoil energies in the range that probes the stream's velocity distribution. More specifically, when v min is in the narrow range 5v
the coefficients a S n are approximated by
while the b S n are suppressed relative to the a S n by terms of order S (see Appendix C for details). The a n and b n coefficients are then related to a S n and b S n through (3.14). After applying the rotation matrix R S , the a n and b n coefficients are generally of the same order. However, interesting phase structure may emerge if ∆t S takes special values.
For example, if ∆t S ≈ 0, then one simply finds b n = b S n and a n = a S n , which implies that the b n coefficients are suppressed relative to the a n coefficients. For the stream traveling in the −ẑ direction, ω∆t S ≈ 5 π/6, which implies that b 3 ≈ a S 3 , with a S 3 suppressed. This suppression in A 3 is apparent in Fig. 9 and nicely illustrates how the spectrum of harmonic modes provides a unique signature of the underlying astrophysical assumptions going into the DM model.
Discussion
The scattering rate at a direct-detection experiment modulates annually due to the motion of the Earth around the Sun and can deviate from a perfect sinusoid depending on the particulars of the DM model. While annual modulation is a key feature of the spectrum, contributions from higher-order Fourier modes can provide additional information; for example, the zeros of the higher-order modes may be used to estimate the DM mass. We have shown that the Fourier modes of the DM signal are related simply and elegantly to the parameters of the Earth's orbit. For velocity distributions isotropic in the Galactic frame, certain ratios of these modes are constant; a measurement that shows a deviation from a constant value might indicate the presence of anisotropy in the halo.
A simple scaling relation exists for the relative strengths of the higher-harmonic modes.
Specifically, the modes scale as n , where ∼ 0.032 for a standard isotropic distribution whose frame coincides with that of the Galaxy. The mode B 1 is an exception, and is further suppressed by the eccentricity of the Earth's orbit. The daily modulation in the total rate is roughly O( 2 ), similar to A 2 , B 1 and B 2 . Note that our analysis requires an accurate model of the Earth's elliptical motion; we derived an accurate expression for the Earth's velocity V ⊕ (t), which corrected an error in [19] . The phase of the modulation obtained using the incorrect V ⊕ (t), for example, is off by about half a day from our value.
Assuming 50 GeV DM and the SHM, ∼ 10 4 times more exposure is needed to observe an annual modulation (with 95% confidence) after the unmodulated rate is detected. An additional ∼ 10 3 times more exposure is then needed to observe the second-order harmonic modes to 95% confidence. Given the current limits, observing any modulation whatsoever for DM heavier than ∼ 50 GeV is challenging for ton-scale detectors.
However, annual and higher-order modes are enhanced for certain astrophysical and particle-physics scenarios. The examples we consider here are light DM, inelastic scattering, and halo substructure, such as a dark disk or stream. Light O(10) GeV DM tends to strongly enhance the annual modulation as well as the higher-order modes (inelastic scattering is similar). Substructure results in a modest enhancement in the annual modulation, but strongly affects the higher-order modes -more so, even, than light DM. These enhancements in either or both the annual and higher-order modes are highly relevant for both light DM and streams. The dark disk has the largest effect on the mode B 1 , but this is challenging to observe because it is most relevant for 50 GeV DM, which will be difficult to see modulating at a ton-scale detector.
There are currently dozens of direct-detection experiments in operation around the world, with even more planned to come into operation in the next few years. Some of these experiments are already sensitive to these higher-order harmonics, while ton-scale experiments should definitely be able to provide confirmation of potential signals. Let us consider some potential detections here, to illustrate the applicability of the higher-harmonic analysis. Note that there is considerable debate as to whether these signals are due to DM given null results from [25, 26, [42] [43] [44] [45] [46] [47] [48] [49] [50] . A detailed discussion of how to reconcile these apparently conflicting results is beyond the scope of this work.
The DAMA experiment [51] consists of 250 kg of NaI(Tl) and claims an annual modulation with significance around 9σ [52] . If the scattering is predominantly off of sodium, the signal can be interpreted as coming from a light DM with mass near 10 GeV [53] [54] [55] [56] [57] [58] . If this interpretation is correct, it would take DAMA O(50) more years to observe the modes There is even further information to glean from the DAMA modulation. As Fig. 10 illustrates, the modulation fraction has a distinctive shape as the threshold energy is varied.
If we defineĀ n = Emax E thresh |A n | dE nr , then the modulation fraction isĀ 1 /Ā 0 (left panel, solid black). This increases in a distinctive fashion as the lower threshold is increased. (Note that the modulation fraction is normalized relative to that with a 2 keV ee threshold). Similar behavior is observed forĀ 2 /Ā 1 (left panel, dotted orange), although the shape of the curve is different -it is nearly constant at low threshold energy and then increases sharply. The right panel in Fig. 10 shows that increasing the threshold by a small amount may significantly increase the required exposure to detect annual modulation. However, the mode A 2 is less sensitive to the threshold because that mode receives its dominant contribution from high v min , which corresponds to E nr well above the threshold. While the A 2 mode cannot be observed in a realistic timescale at DAMA, we discuss this mode here because a similar trend is also observed for other experiments.
The CoGeNT experiment [59] [60] [61] also claims to see an annually modulating signal with around 2.8σ significance, which can be interpreted in terms of DM [62] [63] [64] . CoGeNT needs O(10 3 ) times more exposure to see the second-order harmonics; because CoGeNT is ∼ 0.4 kg, it can never detect these modes. However, a ton-scale Ge detector, such as GEODM DUSEL, would achieve the necessary exposure in a year or so. To see our benchmark stream example, to their values at E thresh = 2 keV ee , as functions of the threshold energy E thresh for 11 GeV DM scattering off of Na (relevant for the DAMA experiment). Increasing E thresh causesĀ 1 /Ā 0 to increase, whileĀ 2 /Ā 0 is less sensitive below ∼ 4.2 keV ee . The right panel illustrates a related point, which is that increasing the threshold makes the discovery of annual modulation more difficult, while the mode A 2 is less sensitive to such changes. The physical reason for this is that A 2 receives its dominant contribution from high v min , which corresponds to E nr greater than the threshold value.
CoGeNT would need only ∼ 15 times more exposure.
As illustrated in Table 1 for the CDMS II-Si excess [27] , the ton-scale detectors XENON1T
and GEODM DUSEL are particularly sensitive to these higher-harmonic modes. This is because these experiments gain a marked increase in exposure due to their size, as opposed to integration in time. These experiments could potentially confirm the CDMS II-Si result by observing the annual and higher-frequency modes in a few years, as discussed in Sec. II.
An annually modulating signal has long been considered critical for testing the DM hypothesis. In cases where the annual modulation is observable by current and ton-scale detectors, higher-order harmonics are also enhanced. This work only just begins to explore the various astrophysical effects that influence the harmonic structure, focusing specifically on the eccentricity of the Earth's orbit and simple examples of the velocity distribution and substructure. In [65] , we discuss the effects of gravitational focusing by the Sun and Earth, which may be comparable (see, for example, [66] ). More generally, such astrophysical effects, combined with the particle-physics properties of the DM, leave a unique fingerprint on the harmonic spectrum that can be used to piece together clues about the missing matter.
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A Statistical Analysis
This section lays out the general statistical formalism required to answer the question: What is the typical amount of data necessary to detect a specific harmonic mode at a desired statistical significance, for a given set of DM model and experimental parameters? We apply the formalism presented here throughout this paper; for example, see Table 1 , in which we show the amount of time required to detect the first few harmonic modes at ton-scale experiments to 95% confidence, assuming the SHM with typical parameters and WIMP particle properties consistent with the CDMS II Si result.
Our approach uses the results derived in [67] , which discusses the use of a typical, representative "Asimov" data set in likelihood-based tests for new physics. The use of this typical data set allows one to make statements about the expected discovery or exclusion significance of an experimental scenario (the significance realized by actual data will of course be random). In particular, our final result is a straightforward extension of the statistical criterion presented in that paper for discovering a signal over background; in our case, the "signal" of interest is a specified harmonic mode and the "background" is the unmodulated event rate.
We begin by constructing the Asimov data set, for a given set of DM and experimental parameters. We then apply a likelihood-ratio test to this data to derive a lower limit on the typical exposure needed to reject the null hypothesis of an unmodulated event rate and hence claim discovery of the specified mode. To simplify the discussion, we focus on the first-order modulation; the results easily generalize to the higher-order modes.
The Asimov data set is the data set given by the mean event rate expected at the experiment. Consider an experiment with detector mass M that counts a number of events N ij in energy bins of width ∆E nr centered around energies E nr,i and time bins of width ∆t centered around times t j . Given a set of fixed model parameters θ (which may include parameters for the experiment specifications, velocity distribution, DM properties, etc.), the mean number of events expected in each bin is
The coefficients A n (E nr ; θ), defined in (1.2), are evaluated for the assumed model parameters.
The single free parameter ξ determines the strength of the modulation signal. Note that ξ = 0 corresponds to the null hypothesis of a background-only unmodulated event rate, while ξ = 1 corresponds to the alternative hypothesis of a modulation signal present at the level A 1 (E nr ; θ) predicted by the model. The Asimov data set is given by the latter case,
From here on, we suppress the dependence on the model parameters θ.
Assuming Poissonian statistics, the likelihood function for the modulation-strength parameter ξ, given the Asimov data set λ ij,A , is then
The logarithm of the likelihood function can be Taylor expanded around the maximum- 
is found using (A.1)-(A.3). Two successive approximations have been made here. First, we neglect terms that are higher order in A 1 /A 0 . 6 Second, we assume that the bin sizes and frequency ω are such that the discrete sums can be replaced with their corresponding integrals. It is important to remember that the modulation-strength variance σ 2 A depends on the assumed model parameters θ, which set the values of the A n .
A hypothesis about the signal model can be compared against the background-only expectation by constructing a ratio of likelihood functions. Take, for example, a Gaussian likelihood function L g (x|N i ) with a single parameter x and a variance σ 2 (N i ), calculated from a sufficiently large data set N i . We might be interested in testing the null hypothesis
given by x = 0 against the alternative hypothesis with some arbitrary value for the parameter x. In this case, the likelihood-ratio test statistic,
is typically distributed according to a non-central chi-square probability distribution with one degree of freedom (DOF) over random realizations of the data set N i [68] . Here,x is the parameter value that maximizes the likelihood for a given N i . That is to say, the test statistic q 0 is itself a random variable with a non-central single-DOF chi-square distribution;
realizations of the data set N i that yield larger and less probable values of q 0 more strongly exclude the x = 0 null hypothesis and thus support a claim of discovery.
The Asimov data set λ ij,A is one possibility in all realizations of N i . Therefore, we can apply the general result (A.6) to the specific Gaussian likelihood function L A,g (ξ) in (A. 4) with variance σ A as in (A.5). This will allow us to test whether the typical Asimov data set λ ij,A excludes the ξ = 0 null hypothesis of an unmodulated event rate at a desired significance level α. Specifically, this requires that q 0 (λ ij,A ) = σ
−2
A exceeds the single-DOF chi-square value corresponding to α. For example, ruling out the null hypothesis (no modulation) at a 95% confidence level (corresponding to a single-DOF chi-square value of 3.84) and claiming a detection of the first-order mode requires an exposure of
for a given set of parameters θ. We emphasize here that this is the exposure required to simply detect a modulation for specific DM model and experimental parameters. Were we 6 In most of the examples we consider,
, and E(B n ) E(A 1 ) (n > 1). It should be noted, however, that when these approximations break down, the Gaussian approximation may not give an accurate estimate for the required exposure.
to allow the parameters θ to be free, it would take a larger amount of exposure to constrain these parameters and characterize the model. Studying the statistics of this characterization procedure in more detail is important in understanding the ability of the higher-harmonic modes to constrain the DM particle and astrophysical properties and is left to future work.
To derive the corresponding inequality for the n th -order modes, the only changes required in the derivation are to let A 1 → A n and cos ω(t − t 0 ) → cos nω(t − t 0 ). We see that the replacement of the discrete sum over time bins with an integral over cos 2 nω(t − t 0 ) in (A.5)
still yields a factor of T /2, so there are no further numerical factors introduced by the latter change.
Also of interest is the quantity E(A 0 ), the minimum amount of exposure typically needed to detect the zeroth-order direct-detection signal at a background-free experiment. In this work, we simply assume that observation of a single event constitutes detection, leading to the definition of E(A 0 ) given in (2.1). A more careful analysis would take into consideration the expected background rates at each experiment and would result in straightforward modifications of the definitions of E(A 0 ), E(A n ), and E(B n ).
B The Earth's Trajectory

B.1 Relative to the Sun
In this Appendix, we sketch the derivation of the leading correction to the Earth's velocity coming from the eccentricity of the orbit. We begin by considering the Earth's orbit in the ecliptic plane (see Fig. 4 ), and we describe the orbit using the geometric construction of
Kepler's laws. The Earth follows a counterclockwise orbit around the Sun, constrained to the ellipse in Fig. 4 , with a ≈ 1.4960 × 10 8 km -the length of the semi-major axis -labeling the perihelion. The Sun is located at one of the focal points, which is a distance f = a e from the center of the ellipse, with e ≈ 0.016722 the eccentricity of the orbit. The eccentric anomaly is labeled E, and it is found geometrically using the procedure shown in Fig. 4 ; it is the angle between the perihelion, the center of the ellipse, and a point on a fictitious circle of radius a. If t p denotes the time of perihelion, then the angle E evolves with time through the well-known relation
is commonly referred to as the mean anomaly. The angle ν, which is the angle between the perihelion, the Sun, and the Earth, is the true anomaly. It is straightforward to show that through order e 2 in a small-e expansion, ν ≈ g(t) + 2 e sin g(t) + 5 4 e 2 sin 2g(t) . (B.
2)
The distance from the Sun to the Earth at a given ν is simply
The ecliptic coordinate system is defined by the orthonormal unit vectorsˆ 1 andˆ 2 , which span the ecliptic plane and are simply related to the vernal equinox. 7 At the vernal equinox, which occurs at time t 1 , the vectorˆ 2 points from the Earth to the Sun. Note, for example, that in Fig. 4 the Earth has just passed the vernal equinox. The projection of the Earth's rotational axis to the ecliptic plane is antiparallel toˆ 1 .
The ecliptic longitude λ(t) of the Earth in the standard heliocentric ecliptic coordinates is measured counterclockwise with respect to theˆ 2 axis; that is, λ = 0 at the autumnal equinox, and it evolves positively throughout the year (λ = 180
• at the vernal equinox, t = t 1 ). The ecliptic longitude is simply related to the true anomaly through the relation
where λ p ≈ 102
• is the ecliptic longitude of the perihelion (in 2013). The trajectory of the Earth throughout the year is then given by
The velocity V ⊕ (t) is computed by evaluatingṙ(t), and this may be done perturbatively in the small parameter e. To zeroth order in e, we find 
− e cos 2ω(t − t 1 ) (cos λ pˆ 1 − sin λ pˆ 2 ) + sin 2ω(t − t 1 ) (sin λ pˆ 1 + cos λ pˆ 2 ) .
(B.8)
It is worth mentioning that the expansion (B.8) differs in a key way from that given in [19] ; the expansion in that work has propagated through many subsequent papers, and we believe that it is not completely correct.
B.2 Relative to the Galactic Center
To leading order in and to zeroth order in the eccentricity e, we may add the velocity V ⊕ (t)
to v and write
where v 1 is given in (3.5) and t 0 = t 1 + φ, with φ ≈ 72.5 days as in (3.6) . At the next order in , we must also include the leading corrections coming from the eccentricity, since e/ ≈ 0.52. This leads to the expansion in (3.4) -(3.5), and the time t 0 also receives a small shift:
which gives t 0 ≈ t 1 + 73.4 days. This is about 22 hours later than the time we found neglecting the eccentricity.
It is also important to note that if we had instead used the incorrect expression for the Earth's velocity in [19] , then we would have found an extra factor of 3/2 in the expressions for v 2 , u 1 , and u 2 in (3.5). • is the obliquity of the Earth's axis, and it is the angle between the rotational axis andˆ 3 .
B.3 Relative to the Earth's Center
With these considerations in mind, it is straightforward to write down an expression for the time-varying velocity V (φ 0 ,λ 0 ) (t) of a point on the surface -specified by the coordinates (φ 0 , λ 0 ) -relative to the Earth's center in terms of the unit vectorsˆ 1 ,ˆ 2 , andˆ 3 ; 
C Example Velocity Distributions
In this section, we calculate the first few Fourier coefficients explicitly as functions of v minusing equations (3.9) -for a few example isotropic velocity distributions.
Maxwell Distribution
One of the most basic velocity distributions is the Maxwell distributioñ f (v 2 ) = 1 πv where v min = xv 0 and v obs (t) = yv 0 .
To calculate the a n and b n coefficients, we may either substitute the expression for v obs (t) in (3.4) into (C.2) and expand in , or we may use the general formulas in (3.9). Either way, we find that 
Standard Halo Model
The SHM is similar to the Maxwell distribution, exceptf (v) = 0 when |v| > v esc , where v esc is the escape velocity. This attempts to take into account the fact that DM with sufficiently high velocity escapes the Galaxy.
More explicitly, the SHM velocity distribution is given bỹ 
The SHM is well approximated by the Maxwell distribution for velocities less than v esc .
Dark-Matter Stream
For a velocity distribution given by a delta function, the mean inverse speed is S obs (t), and the methods described in Sec. 3 apply. In (III), the mean inverse speed vanishes identically, and so the only new, nontrivial dynamics occurs within (II). In this region, the mean inverse speed generically has two discontinuities during a full year -that is, it looks like a slightly modulated box function (see Fig. 1 (C.13)
Using (C.12), we then see that the a n are order 
